In this paper, we study the number of compact sets needed in an infinite family of convex sets with a local intersection structure to imply a bound on its piercing number, answering a conjecture of Erdős and Grünbaum. Namely, if in an infinite family of convex sets in R d sets we know that out of every p there are q which are intersecting, we determine if having some compact sets implies a bound on the number of points needed to intersect the whole family. We also study variations of this problem.
Introduction
The infinite version of the well known Helly theorem [6] in the plane states the following: Given an infinite family of closed convex sets in the plane, one of which is bounded, if every three sets in the family have a common point, then the intersection of all them is non-empty. Suggested by Erdős in 1990, the following conjecture was first published in [2] : There is a constant n such that, given any infinite family of closed convex sets in the plane, one of which is bounded, if among any four sets there are three with a point in common then there is a finite set S consisting of n points, such that every given set in the family contains at least one point from S.
Eighteen years later, while reading the manuscript of the new edition of [2] Branko Grünbaum commented that this conjecture does not hold even for the line R. He gave a construction that disproves the conjecture. Namely, define sets in R as follows: F 0 = {0}, and F n = {x ∈ R | x ≥ n}, for any positive integer n. Of course, all conditions of the conjecture are satisfied, while for any finite set S of real numbers there is an integer n that is greater than any number from S. Thus, by definition, F n does not contain any element from S. In the same year, 2008, Alexander Soifer
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asked Branko Grünbaum whether he could "save" the conjecture. Consequently the following revised conjecture was published in [10] .
Conjecture 1.1 (Grünbaum 2008).
There is an integer n such that for any infinite family of closed convex sets in the plane, two of which are bounded, if among any four sets there are three with a point in common, then there is a finite set S (consisting of n points), such that every set in the family contains at least one point from S.
In this paper we disprove Conjecture 1.1, and refute the possibility of "saving" it by substituting the condition of two bounded sets by any number. Furthermore, we study Erdős' conjecture in there general setting of the (p, q)-problem of HadwigerDebrunner (see [3, 5] ), for infinite families of closed convex sets in R d . We say that a family F of closed convex sets in R d satisfies the (p, q)-property if among any p sets in the family there are q of them with a point in common. The piercing number, π(F), is the minimum cardinality of a set S ⊂ R d , such that every set in the family contains at least one point from S. If there is not finite set intersecting the whole family, we simply say π(F) = ∞. Hence the classical Helly theorem can be restated as follows: Theorem 1.2 (Helly, 1923) . Let F be an infinite family of closed convex sets in R d , one of which is bounded. If F satisfies the (d + 1, d + 1)-property then π(F) = 1.
Hadwiger and Debrunner conjectured that the (p, q)-property should be enough to bound the piercing number of a finite family of convex sets, which was later confirmed by Alon and Kleitman [1] . The following theorem is now commonly known as the (p, q)-theorem. For the rest of the paper, we will denote by ξ(p, q, d) the smallest possible value for the constant c(p, q, d) of the theorem above. In this setting, it is natural to ask how many compact sets are necessary for the theorem above to hold for infinite families. Alon and Kleitman also proved an infinite version of Theorem 1.3, which we mention in Section 3.
It should be noted that Grünbaum's example also shows that at least p − q + 1 compact sets are necessary for the (p, q)-theorem to hold, just by taking p − q copies of F 0 instead of only one. In this paper we characterise the triples (p, q, d) such that p − q + 1 compact sets in R d are sufficient to imply the (p, q)-theorem for infinite families. Our main result is the following:
• If q ≥ p − q + (d + 1) and F is a family of closed convex sets in R d containing at least p − q + 1 bounded members and satisfying the (p, q)-property, then
where ξ(p, q, d) are the (p, q)-theorem bounds, and
, then there is a family F of closed convex sets in R d , containing infinitely many bounded members, satisfying the (p, q)-property and such that π(F) = ∞.
If we denote by k the value of p − q, the theorem above can be restated as saying that for a family with the (d + 2k + 1, d + k + 1)-property, having k + 1 compact sets is enough to bound the piercing number, and for the (d + 2k, d + k)-property no number of compact sets is enough. The proof of the positive part of Theorem 1.4 is in Section 5.
In order to prove the negative part, we exhibit in Section 2 an infinite family F of closed convex sets in R d , infinitely many of them which are bounded, satisfying simultaneously the (d+2k, d+k)-property for every non-negative k and for which the piercing number π(F) is infinite. In particular, for d = 2, this construction provides a counterexample to Conjecture 1.1.
Nevertheless, insisting in somehow "saving" the spirit of Conjecture 1.1, in Section 3 we obtain positive results if some of the compact sets in F have a special separation structure.
We say that a family of convex sets in R d is m-free if no (m+1)-tuple is intersecting and all its elements are compact. If d ≥ k, one example of a k-free family of arbitrary size in R d is to consider a set of (k−1)-dimensional flats in general position intersected with a a large enough compact ball. Moreover, if these are all contained in a kdimensional flat, then all k-tuples intersect while no (k + 1)-tuples do.
For example, with (p, q, d) = (4, 3, 2), the theorem above says that in order to save Conjecture 1.1, it is sufficient to have two disjoint convex compact sets in the family. If d ≥ k, the construction for a k-free family mentioned above shows that Theorem 1.5 implies bounds for the piercing number for special families with the (d + 2k, d + k)-property (the breaking point of Theorem 1.4).
One thing to note from the (p, q)-theorem is that the bounds obtained for ξ(p, q, d) in [1] are astronomical. However, when they conjectured the (p, q)-theorem, Hadwiger and Debrunner showed that if p and q are large enough, then π(F) ≤ p − q + 1 (the best possible bound we could hope for). In the same spirit, in section 4 we show that if p, q are large enough, then p − q + 1 compact sets are enough to obtain the same bound on the piercing number for infinite families with the (p, q)-property. Namely, Theorem 1.6. Let F be an infinite family of closed convex sets in R d containing at least t+1 bounded members. If F satisfies the (p, p−t)-property, for p ≥ η(d+1, t+1) then π(F) ≤ t + 1, where η(d + 1, t + 1) are the Erdős-Gallai numbers.
The definition and history of the Erdős-Gallai numbers are given in Section 4. Here we just mention the bound obtained by Tuza Zsolt [11] .
Note that the condition p − t ≥ d + 1 is implicit in Theorem 1.5. Concerning convex sets in the plane (case d = 2) the above results plus the fact that ξ(4, 3, 2) ≤ 13, ξ(p, q, 1) = p − q + 1 and η(3, 3) ≤ 16 (see [9, 8, 7] ), state the following:
• (4, 3)-property + infinitely many bounded sets ⇒ π(F) < ∞.
• (4, 3)-property + two disjoint bounded sets ⇒ π(F) ≤ 15.
• (5, 4)-property + two bounded sets ⇒ π(F) ≤ 28.
• (6, 5)-property + two bounded sets ⇒ π(F) ≤ 2.
• (7, 5)-property + three bounded sets ⇒ π(F) ≤ 16.
2 Counterexample to Conjecture 1.1
Here we construct a counterexample to the following more general version of Conjecture 1.1: Given a family F of closed convex sets in R d , infinitely many of which are bounded, if among any d + 2k sets there are d + k with a point in common, then π(F) < ∞. This is false for every d ≥ 1 and k ≥ 0 and the construction also proves the second part of Theorem 1.4. This is summarised in the next theorem. The proof of this theorem follows immediately from lemmas 2.3 and 2.4 below. In order to define the family A, we first need the following auxiliary construction. Denote by e 1 , . . . , e d the standard basis of R d . For a given number 0 ≤ α ≤ 1, we define S α as the (d−1)-dimensional simplex whose k-th vertex is e 1 +· · ·+e k−1 +α n e k . In Figure 1 there are two such simplexes in dimensions 2 and 3.
Lemma 2.2. Given numbers 0 < α 1 ≤ · · · ≤ α d < 1, the simplexes S α 1 , . . . , S α d intersect at a point. Proof. The vertices of S α arranged as rows in a matrix are
We use probability to explicitly construct coefficients for a convex combination of these vectors. The vector obtained will be a common point to all the simplexes. To simplify we only construct the convex combination for the vertices of S α d , the other cases are analogous.
Assume that E 1 , . . . , E d are independent random events, each E i occurring with probability α i . For k = 0, . . . , d − 1, let c k be the probability that exactly k of first d − 1 events occur. These are the coefficients for the convex combination, they are clearly non-negative and add up to 1. Now we compute the vector
The i-th coordinate of this vector is simply the probability that at least i of the d events occur. Since this is symmetric on α 1 , . . . , α d , we are done.
We are ready to construct the family F. To simplify notation, we construct the example in R d+1 and think of R d ⊂ R d+1 as the subspace with first coordinate equal to 0. That is, R d = e 2 , . . . , e d+1 .
Let the family B be any infinite family of bounded convex sets that contain the unit cube in R d .
Let α n = 1 n and consider the sets S αn ⊂ R d . Then, define the rays I n = {te 1 | t ≥ n} and let A be the family of sets A n = conv(S αn ∪ I n ) with n ≥ 2. This is represented for d = 1 in Figure 2 . Proof. It is enough to show that any point P in R d+1 is contained in a finite number of elements of A. We show this by induction on d.
The case d = 1 corresponds to Figure 2 . Let P = (x, y). If y = 0 then P is not contained in any S n with 1 n < |y|. If y = 0 then P is not contained in any S n with n > x. In both cases P is only in finitely many elements of A.
Now assume that d > 1 and let P ∈ R d+1 . Note that the simplexes S n tend to S 0 which is contained in e 2 , . . . , e d . Therefore, if the last coordinate of P is not 0 it can only be contained in finitely many elements of A. If it is 0, then by restricting to e 1 , . . . , e d we have the configuration corresponding to d − 1. So by the induction hypothesis P is contained only in finitely many elements of A.
Lemma 2.4. The family F = A∪B in R d+1 satisfies the (d+1+2k, d+1+k)-property for every k ≥ 0. Proof. . Let A 1 , . . . , A n , . . . be an enumeration of the members of F. Let F n = {A 1 , . . . , A n } and V n be the finite collection of all partitions of F n into ξ(p, q, d) subfamilies each satisfying the (d + 1, d + 1)-property. By [1], for n sufficiently big, V n is a nonempty finite set. Define a graph on ∞ 1 V n by inserting all edges cc such that c ∈ V n and c ∈ V n+1 is the restriction of c to {A 1 , . . . , A n−1 }. By König's infinite lemma, there is an infinite ray c 0 c 1 . . . in this graph with c i ∈ V n 0 +i . Then ∞ 1 c n is the desired partition.
Remark 3.2. For noncountable families, it is possible to use Tychonoff's theorem to obtain the same result.
We should point out that an infinite family of closed convex sets in R d satisfying the (d + 1, d + 1)-property does not necessarily have a finite piercing number. In order to prove Theorem 1.5 we will need the following lemma. 
Erdős-Gallai Theory
A vertex and an edge are said to cover each other in a λ-hypergraph G λ if they are incident in G λ . A vertex cover in G λ is a set of vertices that covers all the edges of G λ . The minimum cardinality of a vertex cover in G λ is called the vertex covering number or transversal number of G λ and is denoted by β(G λ ). For λ ≥ 2, a λ-hypergraph G λ is called k-critical if β(G λ ) = k and its transversal number decreases whenever an edge is deleted from E(G λ ). The study of k-critical λ-hypergraphs was initiated in 1961 with a paper of Erdős and Gallai [4] in which they studied the maximum number of vertices η(λ, k) that a k-critical λ-hypergraph G λ can have. Later, in 1989, Z. Tuza [11] found sharp bounds for η(λ, k). See [12] for an excellent survey on the Erdős-Gallai theory. Throughout the rest of the paper, the number η(λ, k) will be called the Erdős-Gallai bound. Furthermore, Erdős and Gallai's theorem can be restated as the following Helly type theorem for transversal numbers in hypergraphs. Clearly, by König's infinite lemma or Tychonoff's theorem, we have that Theorem 4.1 holds even if G is has an infinite number of vertices.
Let F be a family of closed convex sets in R d . As in [9] , we define a (d + 1)-hypergraph G F with vertex set F and d + 1 convex sets of F define an edge of G F if and only if their intersection is empty. We use the Erdős-Gallai theorem to prove Theorem 1.6. See Theorem 3.1 of [9] .
Proof of Theorem 1.6. The condition that F satisfies the (p, p − t)-property, for p ≥ η(d+1, t+1) implies that β(G F ) ≤ t, for every H subgraph of G F with |V (H)| ≤ η(d+ 1, t + 1). The Erdős-Gallai theorem implies that there is a transversal {A 1 , . . . , A t } ⊂ F to all edges of G F . So, by definition of G F , the family of closed convex sets in R d , F \ {A 1 , . . . , A t } satisfies the (d + 1, d + 1)-property. The fact that F contains at least t + 1 bounded members implies that at least one member of F \ {A 1 , . . . , A t } is bounded, thus we can pierce F with t + 1 points.
For example, since η(n, 2) ≤ ( n 2 ) 2 , Theorem 1.6 implies that in the plane, a family of closed convex sets containing two bounded members and satisfying the (6, 5)-property can be pierced with two points. Also, a family of closed convex sets in 3-space containing two bounded members and satisfying the (9, 8)-property can be pierced with two points.
Proof of Theorem 1.4
In order to prove our main theorem we require some preliminary lemmas.
Lemma 5.1. Let F be an infinite family of closed sets in R d satisfying the (d + 1, d + 1)-property and such that {A | A ∈ F } = ∅. Then, there is a unit vector v such that for every a ∈ A ∈ F, we have {a + tv | t ≥ 0} ⊂ A.
Proof. Let a ∈ A ⊂ R d , where A is an unbounded closed convex set. We define C a (A) := {v ∈ S d−1 | {a + tv | t ≥ 0} ⊂ A}. By convexity, this nonempty compact set is the same for every a ∈ A, so we shall denoted it by C(A). Note that if B is a closed convex set and A ⊂ B, then C(A) ⊂ C(B).
Let F ⊂ F be a finite subset. By Helly's theorem {A | A ∈ F } is a non empty unbounded closed convex set, otherwise {A | A ∈ F} = ∅. Therefore, C( {A | A ∈ F }) ⊂ {C(A) | A ∈ F } is non empty. This implies that the family For the second part of the theorem just check that the family F constructed in Theorem 2.1 satisfies the desired properties.
